This paper is devoted to present new definition of complexity factor for static cylindrically symmetric matter configurations in f (R, T, R µν T µν ) gravity. For this purpose, we have considered irrotational static cylindrical spacetime coupled with a locally anisotropic relativistic fluid. After formulating gravitational field and conservation equations, we have performed orthogonal splitting of the Riemann curvature tensor. Unlike GR (for spherical case) the one of the structure scalars X T F , has been identified to be a complexity factor. This factor contains effective forms of the energy density, and anisotropic pressure components. Few peculiar relations among complexity factor, Tolman mass and Weyl scalar are also analyzed with the modified f (R, T, R µν T µν ) corrections.
Introduction
Albert Einstein proposed the general theory of relativity (GR) in 1915 and provided his well-known field equations in which matter and geometry were interlinked. According to his beliefs, our cosmos does not expand or contract with the passage of time, i.e., it is static in nature. After few years, in 1929, Edwin Hubble shown the accelerating expansion of our universe by performing an experiment on galaxies and found the red-shifted light coming from them which was an indication that these galaxies are moving away from each other. There have recently been some remarkable observations which pointed out the need of deeper understanding of our cosmic dynamics because of the extremely high amount of dark energy and dark matter, which is about 95 percent of our whole universe. Several relativistic astrophysicists have established interests in studying different ways to describe the dark source elements of the universe [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In a recent era, a variety of different modified gravity theories which could be used to study the dynamical properties of expanding universe have been proposed.
The f (R) theory, which is the forthright generalization of GR was attained by replacing the Ricci scalar with its generic function in an action function. In contrast to GR, Nojiri and Odintsov [13] asserted the stability of f (R) theory by constructing various f (R) models which are consistent with specific solar system experiments to explore mysterious facets of the universe. Bamba et al. [14] examined the ΛCDM-like universe in the light of various models and also investigated some properties of dark energy. In f (R) gravity, various researchers explored the role of different components which produce irregularity in a selfgravitating system and analyzed precise solutions to modified field equations by considering some applications [15] [16] [17] [18] . In accordance with GR, Yousaf and Bhatti [19] observed that f (R) gravitational models are highly acceptable to host more massive compact stars.
The f (R, T ) theory where matter lagrangian is an arbitrary function of matter and geometry was then proposed by Harko et al. [20] in which T indicates the trace of energymomentum tensor. They analyzed the motion of some test particles in this theory and found equations of motion for them via variational principle. Baffou et al. [21] found some cosmological solutions which are in accordance with the observed data and the stability of a particular model through some methods was also checked. Haghani et al. [22] proposed the more general form of f (R, T ) gravity which they called as f (R, T, Q) theory, in which the matter lagrangian contains the strong dependence of geometry and fluid. They also determined field equations in this theory by considering Lagrange multiplier method. Odintsov and Sáez-Gómez [23] observed the role of strong non-minimal connection of spacetime with geometry and discovered that some extra terms of f (R, T, Q) gravity permit our cosmic expansion.
In f (R, T, Q) gravity, some particular scalar and vector fields have been considered by Ayuso et al. [24] in which they studied the conditions for stability. Using some peculiar solutions, Baffou et al. [25] investigated the stability of f (R, T, Q) theory and concluded that the extra curvature terms could be helpful to understand the early phases of our cosmic evolution. They also discussed the stability of some particular models in f (R, T, Q) theory by obtaining their solution through numerical techniques. Yousaf et al. [26] [27] [28] [29] studied the gravitational collapse in self-gravitating structures and calculated their equations of motion in f (R, T, Q) theory as well as some relations with Weyl tensor. Bhatti et al. [30, 31] studied the gravitational collapse in f (R, T, Q) theory and calculated few constraints under which the systems would enter into the collapsing phase.
A mixture of multiple components that can cause to generate complications in any balanced self-gravitating structure in known as complexity. Here, we have to describe the role of f (R, T, Q) theory on the existing outcomes of zero complexity measures in GR. Different concepts of complexity can be seen in different fields of science. Among those several definitions, López-Ruiz et al. [32] [33] [34] offered this concept via entropy and information. Entropy is the measurement of any system's disorderness while knowledge about a system could be known as information. This concept has also been then introduced through a term which is known as disequilibrium by López-Ruiz et al. [32] .
In physics, one can illustrate the concept of complexity by considering simplest systems (which have no complexity by definition), i.e., the isolated ideal gas and perfect crystal. These both models are extreme (but opposite) in nature from each other. The former model is completely disordered in its nature as it is made-up of molecules which are moving randomly, and hence it provides maximal information due to the equal participation of all molecules in this system. In a later model, the constituents which make the system are arranged in an ordered form and thus it gives minimal data set as the study of its small portion is enough to know about its nature. Hence, it could be seen that there is maximum disequilibrium in former case while zero in later case. In astrophysics, the structural properties of self-gravitating structures can also be analyzed by using the concept of complexity factor. Usually, the components which make the system more complex are pressure, heat flux and energy density etc. Without considering the pressure component in the stress energy tensor, only the energy density is not sufficient to study complexity of the system.
The nature of various physical features has usually been tested using cylindrical structures at different scales. The gravitational collapse, its radiation, spinning celestial objects and rotating fluids are especially in astrophysics, which inspire to take cylindrical symmetry into account. The Birkhoff's principle states that there is a vacuum outside a spherical symmetric object and thus spherical fluid collapse induces no gravitational waves. That is why one switches to another basic symmetry, namely cylindrical geometry. For cylindrically symmetrical star, Einstein and Rosen [35] found the solutions for gravitational waves by assuming weak gravitational fields and also claimed that in the Minkowski space, such problem reduce to regular cylindrical waves. Regarding cylindrical symmetric propagation, several astrophysical aspects have been explored. In the collapse of cylindrical star, Herrera and Santos [36] investigated the conditions for smooth matching of inner and outer manifold and justified the radial pressure on the boundary not to be zero. But later, Herrera et al. [37] found some mistakes in calculations and claimed that the correction of those mistakes will give zero radial pressure on the boundary in a result. There has been some interesting results about the evolution and stability of relativistic systems [38] [39] [40] [41] [42] [43] [44] [45] .
Herrera et al. [46] found the matching conditions for static self-gravitating cylindrical object with the Levi-Civita vacuum geometry as well as equations of motion and observed their regularity. They also shown that an incompressible fluid can be represented by a set of conformally flat solutions. Sharif and Butt [47] described the complxity factor for the static cylindrical system in GR. The expansion free condition has been investigated for anisotropic cylindrical fluid distribution by Yousaf and Bhatti [48] , which produces vacuum cavity inside the fluid distribution. Recently, Herrera [49, 50] and Yousaf et al. [51, 52] described the importance of different congruences of observers for describing the very different physical phenomena of the same geometry of fluids.
The paper is listed as below. We propose some new physical parameters and field equations for f (R, T, Q) gravitational theory in the next section. After this, we find four scalar functions from the Riemann tensor and claim one of them as complexity factor in Sec. 3. In Sec. 4, we design the condition for disappearing complexity factor and also provide some exact solutions of field equations in the background of f (R, T, Q) theory. Finally, all these results are concluded with the effects of modified corrections in Sec. 5.
Fundamental Equations for Static Symmetric Cylinder
The model is now being developed as static cylindrically symmetric in combination with anisotropic matter. By calculating f (R, T, Q) equations of motion, we investigate some structural properties of such systems. Through C-energy and Tolman formalisms, we will also be able to elaborate our results. In order to describe such static structures, we define some physical variables. In addition, the Darmois junction conditions are to be evaluated on hypersurface Σ.
Field Equations in f (R, T, Q) Gravity
The action in f (R, T, Q) theory becomes [23] [24] [25] 
where the matter Lagrangian is represented by L m . In this case, we define it as L m = −µ, where µ is the energy density of the fluid configuration.
The field equations yield from action (1) by varying it with respect to g γρ as
where ∇ ρ , g αρ and R αρ represent the covariant derivative, metric tensor and Ricci tensor respectively. Also,
in which we use the definition of symmetric bracket. In addition, the subscripts R, T and Q show that we take partial derivative of the terms with respect to their arguments. In GR, a distinct connection between R and T can be provided by the trace of stress-energy tensor. We consider the matter stress-energy tensor T γρ given in Eq. (2) as
where
where l ρ denotes the four vector in radial direction and h γρ is the projection tensor. As, we have assumed anisotropic pressure so Π represents it, in which radial and tangential pressures are denoted by P r and P ⊥ respectively. Note that generally in cylindrical anisotropic spacetime, the pressure may exist in three different directions, i.e., P r , P ⊥ and P z , but it is important to mention here that the stress energy tensor (3) is not the most general form. The modified field equations may be written in relation with Einstein field equations as
where G γρ represents Einstein tensor and T (ef f ) γρ could be seen as the energy-momentum tensor in f (R, T, Q) gravity. In this case, however from Eq.(2), we found as follows
If Q = 0 is presumed in the above expression, the relativistic effects of f (R, T ) theory can be observed, while one can analyze these results in f (R) theory by considering vacuum case as well. The study of some celestial structures are presented in [23] [24] [25] , in which they have done their derivation and physical indication with detailed analysis.
We consider that our geometry has a boundary surface Σ which separates the inner and outer regions of cylindrical spacetimes. So interior to Σ, the geometry may be configured as
where X = X(r) and Y = Y (r). We enforce the above coordinates to illustrate cylindrical symmetry, so the ranges are
We may define the four vectors in the comoving frame that suit the above system as
which must satisfy some relations, l ρ v ρ = 0, l ρ l ρ = −1. Also, the four-acceleration can be defined as a ρ = v ρ ;π v π , all of whose components disappear except a 1 as
For cylindrical spacetime (7), the field equations in f (R, T, Q) theory becomes
contains the material variables with the modified corrections of f (R, T, Q) gravity. We have added their values in Appendix A. Here, the derivative with respect to r is shown by prime.
It must be emphasized that, unlike the theory of GR and f (R), the divergence of effective stress-energy tensor in f (R, T, Q) theory is fade away, resulting in a loss of all equivalence principles. Thus, this theory involves non-geodesic motion of the moving molecules as an extra force is acting on these particles in its gravitational region. So, one can cast its value as
The equation for hydrostatic equilibrium can be calculated in cylindrical structure as
The term Z given in Appendix A contains the additional curvature terms of modified gravity. The above equation could be regarded as the most general form of Tolman-Opphenheimer-Volkoff equation having anisotropic fluid which may give better understanding to the possible structural changes in the static cylindrical system. The value of X ′ X can be extracted from Eq. (11) as
By utilizing Eq.(15) in Eq. (14), we have
where m can be obtained through C-energy formula [55] for cylindrical system as
that can be described with the help of Eq. (10) as
The geometrical structure outside the hypersurface Σ is defined by taking the metric of the form
where total mass of the corresponding object is denoted by M(ν). We have found Darmois junction conditions and smooth matching criterion of the exterior and interior manifolds over the boundary for f (R, T, Q) gravity, which is provided by Yousaf et al. [28] (after following Senovilla [56] ). We establish some constraints at boundary surface r = r Σ as
where Appendix A includes the value of D 0 .
Curvature Tensors
One of the most common curvature tensor, i.e., the Riemann tensor can be expressed in terms of the Ricci tensor R γρ , Weyl tensor C αγβρ and the Ricci scalar R as
The electric and magnetic part of Weyl tensor can be defined as
In this case of static cylindrical structure, the magnetic part of Weyl tensor is zero. The Weyl tensor can also be expressed as
where g γραβ = g γα g ρβ − g γβ g ρα , and η γραβ is known as the Levi-Civita tensor. We may also write E γρ as
and its non-vanishing components are
which must satisfy the following conditions
The Mass Function
Here, in order to analyze some properties of cylindrical structure, we shall calculate few intriguing equations by following the C-energy [55] and Tolman [57] formalism. We will then find a relation among the mass function and the Weyl tensor. One can write with the use of Eqs. (6), (17), (21) and (24) as
from which we can calculate as
The above expression depict the properties of cylindrical structure, such as inhomogeneous energy density and pressure anisotropy in correspondence with the Weyl tensor under some modified corrections. After using Eq.(29) in Eq. (28), we get
This equation relate the mass function with the energy density homogeneity. Using this formula, one can study the cylindrical self-gravitating structure and analyze the effects of modified correction terms on the consequent changes arise due to the energy density inhomogeneity. For a static matter configuration, Tolman [57] proposed another energy formula which is given as
For self-gravitating symmetric structures, Bhatti et al. [58, 59] determined the expressions for Tolman mass in f (R) gravity with and without including the effects of electromagnetic field. Tolman introduced this formula in order to find the total energy of the system and it becomes within the cylindrical distribution of radius r as
By making use of Eqs.(10)- (12) in above equation, we get
and after substituting the value of X ′ from Eq.(15)
This expression for m T could be called as the effective gravitational mass. Also, the gravitational acceleration (a = −l ρ a ρ ) of a particle which is under investigation is followed in a static gravitational region (field), which is instantly at rest as
One can express Eq.(33) in a more suitable way as
or by utilizing the value of E from Eq.(29)
For cylindrical symmetric static spacetime, the last expression for Tolman mass having modified corrections could be very useful in order to interpret the role of effective pressure anisotropy, the Weyl scalar E and effective irregularity in the energy density. Thus, it relates the phenomenon of inhomogeneous energy density and local anisotropic pressure in f (R, T, R γρ T γρ ) gravity via Tolman mass.
The Orthogonal Decomposition of The Riemann Curvature Tensor
Bel [60] and Herrera et al. [61] suggested the orthogonal decomposition of the Riemann tensor. The following three tensors can be found through the above-mentioned method, as
where η ǫπ γα is the well-known Levi-Civita symbol whose value is −1, 1 and 0 for negative, positive and no permutation respectively, while steric serves as the dual operation on the subsequent tensor. Another form of the Riemann tensor (21) could be expressed in terms of preceding tensors (see [62] ), after making use of field equations as
and by using the value of T (ef f ) γρ , one can also express Eq. (41) as
with ǫ ραβ = u ν η νραβ , ǫ ραν u ν = 0.
As, we have considered the static cylindrical symmetric case so the magnetic part of Weyl tensor is zero. Now, we are able to find three effective tensors, i.e., Y ρσ , Z ρσ and X ρσ by taking into consideration Eq.(42) in f (R, T, Q) gravity as
and
Further, the four structure scalars X T , Y T , X T F and Y T F can then be received from X ρσ and Y ρσ to study some properties of cylindrical symmetry, as
Equations (51) and Eq.(53) can also be composed by using Eq.(29) as
where ψ 
We utilize Eq.(54) in Eq.(36) to illustrate physical meanings of X T F as
By matching Eq.(37) with Eq. (57), we can see that Tolman mass contains the effects of the local anisotropic pressure and inhomogeneous energy density of the fluid provided by X T F under some modified correction terms of f (R, T, Q) theory. Furthermore, an alternative way to express the Tolman mass is as 
Matter Configuration With Disappearing Complexity Factor
It is understood that in any static or non-static structures, various components could cause to produce complexity. The scalar X T F contains effective inhomogeneous energy density and effective anisotropic pressure which are sources to produce complexity in our system. In f (R, T, Q) theory, five unknowns (µ, X, Y, P r , P ⊥ ) are found in the relevant equations of motion. We therefore need to additional conditions to carry on our work. For this, one condition can be achieved through the disappearance of complexity factor (54), which gives
Here, two of the different models of stellar objects are taken into account. Now, we discuss these subcases as follows:
The Gokhroo and Mehra Ansätz
We follow the assumption proposed by Gokhroo and Mehra [68] to continue the structural analysis as
We will get following equation after using the above equation in Eq. (18) as
and combine it with (17)
with K ∈ (0, 1) and β = 4παµ o . Moreover, we receive from Eqs. (11) and (12) 8π
The new variables may helpful to introduce as
from which we get after replacing Eq.(64) in Eq.(63)
that seems to be in Ricatti's suggested form. After integrating this expression in f (R, T, Q) theory, the line element (7) appears in a new form as
+2z(r) dr
where C is a constant of integration. Also, one may compose the effective physical variables in terms of Eq.(64) as
4πP
Equations (67), (68) and (69) might be useful in cylindrical systems to understand their certain supernatural and very fascinating features. In the case of GR, Di Prisco et al. [69] computed corresponding results, while their modified form for the cases of cylindrical and shearfree spherical structures were found by Sharif and Yousaf [53, 70] . In the context of Einstein-Λ gravity, Yousaf [71] and Bhatti [72] further produced the extension of these results. The obtained solutions (67)-(69) should meet the condition (20) at the boundary to achieve their non-singular characteristics.
The Polytropic Fluid With Zero Complexity Factor
Here, we analyze the existence of f (R, T, Q) corrections in relativistic polytropic fluid. We have already assumed the vanishing complexity factor condition, but still to handle with such system of equations, we must require condition (59) to supplement with the polytropic equation of state. Here, we are going to discuss two cases of polytropes individually and the first of them is of the form
with n, K and γ are the polytropic index, polytropic constant and polytropic exponent respectively. It is easy to solve a system of equation in which the equations are in dimensionless form. In this regard, we introduce some variables to write the dimensionless form of TOV equation (16) and the mass function as
where µ
show their values at the center. At the boundary r = r Σ (or ξ = ξ Σ ), we have φ(ξ Σ ) = 0. After putting Eqs. (71) and (72) in TOV equation, we have
Conclusions
Our main goal to do this work is to study the structure of self-gravitating cylindrical object under the influence of correction terms of f (R, T, Q) gravity. We took a static cylindrically symmetric metric, and it is then assumed to be combined with anisotropic matter. We then found the relevant equations of motion an equation for the hydrostatic equilibrium in the realm of f (R, T, Q) gravity. With the help of C-energy and Tolman mass formalisms, we determined some useful relations between m and m T . We split the Riemann tensor orthogonally in a proper way which results in a set of five f (R, T, Q) scalar functions. We then explored their effects on the evolution and sustenance of matter distribution in the static relativistic cylinders. Recently, Herrera [73] presented the new concept of complexity for static spherically symmetric structures. The key assumption was that the system which contains homogeneous energy density coupled with isotropic fluid distribution will have less complexity. Hence, in this case, the derived effective scalar factor X T F is considered as the complexity factor in f (R, T, Q) gravity. Now, we will draw attention to some important changes in modified gravity.
(i) The effective scalar function X T F contains the energy density inhomogeneity and local pressure anisotropy with modified corrections of f (R, T, Q) gravity, which gives rise to the more complex system.
(ii) The term X T F could be useful to compute the Tolman mass in terms of effective inhomogeneous energy density as well as effective anisotropic pressure, as it has contributions of extra curvature terms of f (R, T, Q) gravity.
(iii) For the case of dynamical dissipative fluid configuration, the effects of heat flux may also involve in the scalar X T F with modified corrections.
After calculating modified equations of motion and Darmois junction conditions, we get X T F (54) as a complexity factor by splitting the Riemann curvature tensor. Moreover, through the disappearing complexity factor condition (59) (by assuming X T F = 0), we discussed two different applications to physical systems. Firstly, we took an assumption on the energy density suggested by Gokhroo and Mehra in order to investigate properties of stellar structures in modified framework. In second example, we dealt with the polytropic equation of state and wrote TOV equation as well as condition (59) in dimensionless form. The solution of such equations under some constraints could help us to get better understanding of a system. All our findings will significantly reduce to GR by taking the constraint f (R, T, Q) = R [73] .
For our observed static cylindrical system, we have found a complexity factor mentioned in Eq.(54). The first term of right hand side of Eq.(54) describes the effective form of inhomogeneous energy density and the negative sign represents that this term is trying to make the system less complex. The second term in this equation represents the local anisotropy pressure along with correction terms of f (R, T, Q) theory. This terms has been found to be one of the main causes to make the system complex. It is seen that this term would add the complexity in the cylindrical system if P r > P ⊥ , while if during evolution P r < P ⊥ , then this factor will tend to decrease the measure of complexity in the system. The third term contains usual anisotropic pressure along with the extra curvature terms of modified gravity. Thus our new definition of complexity factor contains the effects of energy density, anisotropic pressure along with the the corrections of f (R, T, Q) theory, which is quite different definition than that found in GR for the spherical system by Herrera [73] .
Appendix A
The effective physical variables which have been appeared in Eqs.(10)- (12) are
The term Z exists in Eq. (14) because the nature of f (R, T, Q) gravity is non-conserved as
(81)
